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Introduction to Optimal Control

@ With pole placement, we learned how to place the eigenvalues at desired locations for
MIMO systems, however
e What eigenvalues should we choose? Not a very clear relationship between eigenvalues and

performance.
o Even if we do know what eigenvalues we want, the state feedback is not unique (for MIMO

systems). Then what's the “best” choice of K7
@ The solution: using Optimal Control!
@ We will focus on one of the most useful optimal control schemes: Linear Quadratic
Control

o linear system dynamics
e minimizing a quadratic (i.e. second order) function of the state and control
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Finite Horizon (FH) Discrete-Time (DT) LQR

e Without loss of generality, the goal is set to reach 0 from z(0) in N steps.

@ When the desired control target is a constant, we call the controller a regulator. If we
need to follow a trajectory over time, we call it a “tracking” problem. In regulation
problem, feedback is enough, while in tracking, it is desired to also have feedforward. We
will work on the feedback controller first.

@ The cost function (sometimes called " cost-to-go") is

2

Z (k)" Qu(k) +u(k)" Ru(k))

k=0

DO | =

1
JO,N = 51:(N)TSNJU +

with Sy, @, R constant positive definite matrices.

@ Sy,Q, R are weights to “penalize” state and control. Higher entries mean you care more
about a particular state or control

@ To solve for this problem, first we need to understand the Dynamic Programming.
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Dynamic Programming m

J;’l is the min cost from node a to the last node [. S
A Bellman, 1920-1984
n 2 min [Jap + T Jae + I (4)

al =
T = min [Joa + T, Joe + 2| = min [y + Jags Joe + Je), *
2= it e+ g e+ T = min e+ T Je + Je] - |
recursive function (

Instantaneous cost: J,; and J, .

a,l?

o
o
@ Minimum values of all future costs: J;,, J;;, J7,
@ Start with the last optimal step and moving backward to the first
o

We can also do this in time step (our focus in this lecture
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Dynamic Programming
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Optimal Control for FH-DT-LQR (1)

@ Start from the last step.

Tno1y = %x(N)TSNa:(N) + %a:(N _)TQa(N - 1)+ ;U(N ~ )T Ru(N — 1)

@ We are also subject to the dynamics

z(N) = Az(N — 1)+ Bu(N — 1)

= Jn-1n = = ((Az(N — 1) + Bu(N — 1)) Sy (Az(N — 1) + Bu(N — 1))

M\'—‘w\»—l

+ —z(N - 1)TQz(N - 1) + ;u(N —DTRu(N - 1))
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Matrix Calculus

Vector-by-scalar Scalar-by-vector Vector-by-vector
oy 9y oy1 9y1
o Or1  Oxa Oz,
9 9y2 P 9y2  Oyz 9y>
oy _ | oz y _ [oy oy dy Y | 0x1 Oz Oy,
oo |1 | Bl o o] | mo|T T T
Y Oym  Oym Oym
Ox 0z1 Tocjc Ozp
0.
6873? aaf T (9:61 81:1
ox | o1 B a7 _ 1 n
T = E = C?t Vf = = 8i = Tf Jacobian A =
: b'e X
” of Ofw  Ofm
; 9 dg(u) v O
Chain rule: 9(u) = 9(u) au IAX _ A
- . - ox ou Ox 0x
8‘5}(" = a’éxa =al, ‘9"8% =x" (A+AT) =2x"A (if A is symmetric)

Vu(x) Au(x) = (220_Aut)
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Optimal Control for FH-DT-LQR (2)

e To find the optimal control, differentiate with respect to u(N — 1)

I In_1N _0
Ou(N —1)
= BTSy[Ax(N — 1) + Bu(N —1)] + Ru(N — 1)
= [R+ BTSyBJu(N — 1) + BT Sy Az(N — 1)
= u*(N —1)= —[R+ BTSyB]"'BT Sy Az(N — 1)
@ The second derivative R + BT SyB > 0 = global minimum
e The control is of the form

u'(N—1)=Ky_1z(N — 1)
with constant Ky_1 = —(R+ BT SyB)'BTSyA
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Optimal Control for FH-DT-LQR (3)

With little algebra, we have
N 1
Tioiy = 5o(N = DT[(A+BKy_1)"Sv(A+ BKn_1) +Q+ Kk _RKN_1]z(N — 1)

Let Sy_1 = %[(A + BKN,l)TSN(A +BKn-1)+Q+ Kﬁ_lRKN,l]. Just like Sy, we find
Sn_1 is also a constant!
We have

1
JKI—I,N == E,I(N - 1)TSN71$(N — 1)

We get a general form for J3 ; y given z(N —1).

Ding Zhao (CMU) M2-2: Optimal Control 11/57



Optimal Control for FH-DT-LQR (4)

Step backwards again

. i dia
J* 3 — min Jznzermi + JNfl N
N—-2,N u(N—2:N—1)[ N—-2,N—1 s ]

because Jy_1 v < JIn-1,N
IN_an = u(Ngiﬁil)[Jﬁzezi%e—lea + N1l
1
because Jy_; v = 533(]\7 — 1)TSn_12z(N — 1), which is independent of u(N — 1)
We will drop u(N — 1) = Jiy_, y = (mln )[Jmmmedm + TN 1n]
N

1

(N —-2)TQz(N —2) + %U(N —2)TRu(N - 2)

1
= min —z(N - DTSy _1z(N —1) + 5

w(N—2)2
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Optimal Control for FH-DT-LQR (5)

@ Since Sy_; is a constant, this is identical in form to Jy_1 n, and the solution is similar

u (N —2) = Ky_ox(N —2)
with Ky_o = —(R+ BTSy_1B) 'BTSy_1A

@ We can continue, resulting in the general formula

Ki=—(R+ BTS,1B)'BTS, 1A
Sk = (A+ BER)" Spy1(A + BE}) + Q + Kj, RK},

@ We can iteratively calculate Sy = Ky_1 = Sy-1 = Ky_2 = Sy_2 = --- = 5(0),
then use u*(k) = Kyx(k)

Ding Zhao (CMU) M2-2: Optimal Control 13 /57



Optimal Control for FH-DT-LQR (6)

We could combine the two equations together by substitute K}, in the Sk equation:

Kip=—(R+ BTS;;1B)'BTS, 1A
Sk = (A4 BK)TSp11(A + BKy) + Q + KL RK,,
=ATS, 1A+ AT S, \BKy, + K} BT S, 1A+ KIBYS, .1 BK), + K} RK}, +Q

This parts become 0 by substituting Kj!

=ATS, 1 A— ATS, 1 B(R+ BTS;1B) 'BT S, 1A+ Q

Sp=ATS; 1 A—ATS, \B(R+ BTSp1B) 'BT S A+ Q

is called “Discrete-time Difference Riccati Equation”. Can be computed backwards with &
from N to 0 given Sy. Then K} can be directly computed by the first equation.
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Recap: Finite Horizon Discrete-Time Linear Quadratic Regulator

Design control policy to minimize the cost function

N—-1
Jon = %m(N)TSN:c(N) + % > (2(k)"Qx(k) + u(k)" Ru(k))
k=0

where Sy, @, R > 0, subject to the system dynamics
x(k+1) = Az (k) + Bu(k)

Induction backwards in time to obtain the optimal control solution at each time. We found the
minimal cost from state k£ to the end has an elegant solution

where S;. > 0 is a constant only dependent on A, B, Sy, @, R.
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Recap: Solve FH-DT-LQR with Principle of Optimality

Q@ Jyn= s2(N)TSyz(N)
Q@ J;_yn =min{Jy y + 52(N = 1)TQz(N —1) + Ju(N — )" Ru(N — 1)}
= min{2z(N)TSya(N) + 22(N — 1)TQa(N — 1) + 3u(N — 1)TRu(N — 1)}
uw* (N —1)=—(R+ BTSyB) 'BTSyAzx(N — 1) = Ky_12(N — 1)

1
JN_iN = 5;U(N —DT[(A+BKN_1)TS(A+ BKN_1)+ Q + K% RKn_1]z(N —1)

_ %a:(N ) Sy _1a(N — 1)

Q@ SNn=Kny_1=S55v-1=>Knos=>Sve9=> = S(O)
Kip=—(R+ BTS;;1B)'BTS, 1A
Sk = (A4 BKy)TSp11(A + BKy) + Q + KL RK,,

= S, = ATS, 1 A—AT S, | B(R+B* S, 1B) ' BT S) .1 A+Q (DT Difference Riccati Equation)
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Recap: Matrix Equations

Discrete-time Difference Riccati Equation  Continuous-time Differential Riccati Equation

Sy = ATSp 1 A— ATS, 1B P(t) = —-Q + P(t)BR'BTP(t) — P(t)A
(R+ B"Sj1B) ' BT S A+ Q ~ATP(1)

Discrete-time Algebraic Riccati Equation  Continuous-time Algebraic Riccati Equation
(DARE) (CARE)

S=ATSA - ATSB ATP4+PA—-PBR'BTP+Q =0

(R+BTSB)"'BTSA+Q
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FH-DT-LQR, Constrained LQR, & MPC

PAST FUTURE
«— —_—
S
ol —=— Reference Trajectory
Predicted Output
Measured Output
Predicted Control Input
Past Gontrol Input
¢ Prediction Horizon »
| | | | | | | | | »
T T T T T T T T T Ll
« »
Sample Time
k k+1  k+2 k+p
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Finite-Horizon Discrete-Time Linear Quadratic
Regulator
Design control policy to minimize the cost function

1 T 1N71 T T
Jow = 5a(N) Sya(N)+3 Y (e(k)" Qa(k)+ulk)" Ru(k))
k=0

where Sy, @, R > 0, subject to the system dynamics

z(k+1) = Az(k) + Bu(k)
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o PAST FUTURE

FH-DT-LQR, Constrained LQR, & MPC Karush 1917-1997

) Kuhn 1925-2014
Constrained LQR  Tycker 1905-1995

leasure: utpul 1
A e Jon = 5a(N) Sya(N)+
<)

A , Design control policy to minimize

T = e No1
Z( (k)" Q(k)+u(k)" Ru(k

k=0

N

Prediction Horizon

. o >I F where Sy, @, R > 0, subject to the system dynamics
k k+1 k+27777-77 :.7“ k+p l’(k‘—i—l) :A:L'(k)+Bu(]{f)
. and constraints
’ R Hzx(k)<h
o e Fu(k) < f
el Quadratic programming
Many efficient and reliable algorithms available (KKT).
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LQR, Constrained LQR, & MPC

(Linear) Modal Predictive Control or " Receding Horizon

PAST FUTURE
* A g
e — ——————
ol —+— Reference Trajectory
Predicted Output
Measured Output
Predicted Control Input
Past Control Input
—a Prediction Horizon .

»

| | ! | | | ! | |

T T T T T T T T T >

Sample Tw;we
K k+1  k+2 k+p

Calculate u*(k : k + N), but only use
u*(k) and recalculate
u*(k+1:k+ N +1) in the next
step. Essentially, it is a closed loop
version of Constrained LQR,
therefore, could be more robust by
increasing computation budget.

Ding Zhao (CMU)

Control”

past

N future/prediction

Desired set-point

Closed-loop state
(measured)

uy
Closed-loop input

L |

-

i —

-
e

Optimal input
====1 trajectory (time k)

1
Uiy .""l m——n
: s T

e

State (forecast)

[S—

Re-optimal input
. y_‘lajcctm'y (time k+1)

k+1
Control horizon p

>

i
k+m

Prediction horizon m

N
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Real-World Application of MPC

More and more popular
Used in all kinds of industry, economics, politics, etc

Thanks to the fast development of compututational capability

Many variants: Nonlinear MPC (nonlinear programming), Explicit MPC (offline,
parametric programming for different control regions), etc
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Infinite Horizon Control

@ In many mathematical cases, taking k — oo may surprisingly simplify the analysis.

@ It may cause little or no degradation in optimality because the optimal time-varying gains
approach constant values in a few time constants after the control error diminishes.
Define

Jooo = »_ x(k)" Qu(k) + u(k)” Ru(k)
k=0
with
x(k+1) = Az (k) + Bu(k)

Note that we do not have Sy penalty term in J because A}im z(N)=0
—00

Ding Zhao (CMU) M2-2: Optimal Control
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Solve Infinite Horizon Discrete-Time Linear Quadratic Regulator

Kip=—(R+ BTS;;1B)'BT S, 1A
Sk = (A+ BK)TSp11(A + BKy) + Q + KL RK,,

= Sp_1 = ATS,A— ATS.B(R+ BTS,B)"'BTS,A + Q (DT Difference Riccati Equation)

As k — oo, Ki, S converge. We can drop the index &

K*=—(R+B"'sSB)"'BTsA
S =ATSA - ATSB(R+B'SB)"'BTSA +Q

The form of this equation of S is called Discrete-time Algebraic Riccati Equation (DARE)!
And there are powerful numerical algorithms to solve it!
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Python Code

from __future__ import division, print_function
import numpy as np

import scipy.linalg

def dlqr(A,B,Q,R):

"""Solve the discrete time 1lqr controller.
x[k+1] = A x[k] + B ulk]

cost = sum x[k].T*Q*x[k] + ulk].T*R*ulk]

#tref Bertsekas, p.151

#first, try to solve the ricatti equation

S = np.matrix(scipy.linalg.solve_discrete_are(A, B, Q, R))
#compute the LQR gain

K = -np.matrix(scipy.linalg.inv(B.T@S@B+R)[d(B.TeSEA))
eigVals, eigVecs = scipy.linalg.eig(A+B@K)

return K, X, eigVals
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Recap: Matrix Equations

Discrete-time Difference Riccati Equation  Continuous-time Differential Riccati Equation

Sy = ATSp 1 A— ATS, 1B P(t) = —-Q + P(t)BR'BTP(t) — P(t)A
(R+ B"Sj1B) ' BT S A+ Q ~ATP(1)

Discrete-time Algebraic Riccati Equation  Continuous-time Algebraic Riccati Equation
(DARE) (CARE)

S=ATSA - ATSB ATP4+PA—-PBR'BTP+Q =0

(R+BTSB)"'BTSA+Q
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Solving Discrete-time Algebraic Riccati Equation

Unlike the finite horizon problem, we have to worry about stability, existence and uniqueness.

Let Q be factored into @ = 7T7T. A unique and positive definite solution to the DARE exists
< (A, B) is stabilizable (ensures convergence of J and existence of K) and (A, T) (ensures
uniqueness) is detectable.

@ For most of the system, (A, B) is stabilizable and (A, C) is often detectable. Therefore,
Q is often chosen to be CTC to make (A, T) detectable.
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Summary of IH-DT-LQR

Three ingredients to make IH-DT-LQR much computationally lighter compared to
FH-DT-LQR:

N — 00, constant K, Discrete-time Algebraic Riccati Equation

mmJ Z k)T Qx (k) + u(k)” Ru(k)
with
x(k+1) = Az(k) + Bu(k)
Optimal solution:
K*=—(R+B'SB)"'BTsA
Where S can be solved by a DARE
S=ATSA - ATSB(R+ BYSB) 'BTSA+Q
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Example: Longitudinal Flight Control

body axis
5 theta .
horiz

(Courtesy: Jenny Hong, Nicholas Moehle, Stephen Boyd, EE103 Stanford University) Variables
are (small) deviations from operating point or trim conditions;
State is Tt = (wt, Vt, Qt, qt)

o wy: velocity of aircraft along body axis
e vy velocity of aircraft perpendicular to body axis (down is positive)
@ 0;: angle between body axis and horizontal (up is positive)
o ¢ = 0,: angular velocity of aircraft (pitch rate)
Control Input is us = (ey, fi):
@ ¢;: elevator angle (e; > 0 is down)
@ f;: thrust
M2-2: Optimal Control 30/57



Example: Longitudinal Flight Control

For Boeing 747, level flight, 40000 ft, 774 ft/sec, dynamics are xy1 = Axy + Buy, where

99 03 —-.02 -—-.32 0.01 0.99
A .01 47 47 .00 B —-3.44 1.66
.02 —.06 .40 —.00 |’ —-0.83 0.44
01 —-04 72 .99 —0.47 0.25

@ units: ft, sec, crad(= 0.01rad)
@ discretization is 1 sec

Code: https://colab.research.google.com/drive/
1xxfcQYjAvyYs8KDMi3cx6VCi8QbbQbUl?usp=sharing

Ding Zhao (CMU) M2-2: Optimal Control 31/57


https://colab.research.google.com/drive/1xxfcQYjAvyYs8KDMi3cx6VCi8QbbQbU1?usp=sharing
https://colab.research.google.com/drive/1xxfcQYjAvyYs8KDMi3cx6VCi8QbbQbU1?usp=sharing

Example: T=100

0.3 A
0.2 1
v 0.1
0.0 1
-0.1 1 j\j
0 20 40 60 80 100
Step
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Example: T=100, Open-loop vs. Closed-loop

1.0 A
2
0.5 1
14
0.0
o]
* x —0.5
-1
_10 4
_z -
_3 -1.5
—44 —2.0 1
0 20 40 60 80 100 0 20 40 60 80 100
Step Step
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Example: T=30

0.3 1

0.2 4

v 014

0.0 A

—0.1 1

Ding Zhao (CMU)

Step
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Example: T=30, Open-loop vs. Closed-loop

1 1.0 A
0 0.5
0.0 A
_1 E
x = —0.5 1
-2
_10 -
-3
~15-
_4 1 T T T T T T T _20 1 T T T T T T T
0 5 10 15 20 25 30 0 5 10 15 20 25 30
Step Step
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Example: T=100 vs. T=30, Comparison between FH and IH

0.3
0.2 1
— F
0.1 1
¥ -—-H
0.0 1
—o1 ]
0 20 40 60 80 100 0 5 10 15 20 2 30
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Formation of the Tracking Problem

N | —

[x(N)—:L‘d] SN [x(N) — zq4]+

DN | =

N-1
Jon = >l (k)" Qla(k) — n(k)] + u(k)" Ru(k)}
k=0
@ This cost function attempts to make z(k) follow the specified sequence 7(k)

@ Most of the solution details are the same as for the regulator problem. Expanding the
quadratic terms in J shows that there are four additional terms to deal with, due to z4(k)

and n(k).

Ding Zhao (CMU) M2-2: Optimal Control 38/57



General Solution of Regulator Problem

With dynamic programing, the min cost at step k can be expressed as a difference equation
* . 1 T 1 T *
Jpn = min ) 57 (k)Qz (k) + Pk (k)Ru(k) + Jiy1n (1)
with boundary condition: g[z(N)] = 32(N)TSyz(N) — 2(N)T Snzqa + 325 Snag

For tracking problem, J;: \; cannot be expressed as the simple form J;: v = 1x(k)T Sy (k).
We solve by assuming a general solution quadratic matrices function of z(k):

1
Jin = §x(k)TSk:c(k) + z(k)TV, + 2y, (2)

where S, € R™*™ V. € R™! and scalar Zj, are all unknowns.
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Derivation

Substitute Eq. (2) into Eq. (1)

1
iuT(k)Ru(k)—i-

s } T
JeN —%1)1{296 (k)Qx (k) +
1
gk + DISpx(k+1) +x(k +1)"Vig1 + Zpsr )
Substitute z(k + 1) = Ax(k) + Bu(k)

1 1
Tin = ngg)l {2:c(k:)T (Q + AT S 1 A] 2(k) + §u(kz)T [R+ BT Sj1B] u(k) )
+u(k)” [B Vi1 + BT SpaAx(k)] + 2(k)T AT Viy + Ziya )
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Derivation Cont.

The minimizing u(k) is found by setting 0{}/0u(k) = 0.
(Assume u(k) does not exceed its limits.)

(k) == [R+B"S1B] " BT [Viys + Spyr Az (k)
= Gp(F)Vipr — Gpp(k)z(k)

~~

feedforward control  feedback control

Define U1 = [R + BTSkHB]*l. The goal of tracking controller design is to find the
optimal:

o Feedforward control gain: Gs(k) = —Uyy1 BT

@ Feedback control gain: G(k) = Ug+1Sk4+14
o Feedforward input: Vi
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Derivation Cont.: Three Key Variables

Substitute u(k) into Eq. (3)

N 1
Jin :ix(k)T [Q + AT Sk 1A — ATS) 1 BUy 1 BT S 1 A] x(k)
+ (k)" [ATViy1 — AT 441 BU 1 BT Vi |
1
+ [Zjg1 — §VkﬁlBUk+1BTVk+1]

Remember we assume J; v = 32(k)" Spa(k) + 2(k)" Vi, + Z;. Compare the quadratic terms,
the linear terms, and the terms not involving x, we have the equations to solve Si, Vi, and Z.

Ding Zhao (CMU) M2-2: Optimal Control
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Derivation Cont.: Three Key Variables

Sk=Q + AT S 1A — AT 11 BU 1 BT S1 A (4)
Vi = ATVk—H - ATSk—I—lBUk—i-lBTVk—i-l — Qn(k) ()
Zy = Zj1 — Vk+1BUk+1B Vit1 + 77( ) Qn(k) (6)
with the boundary conditions Wy = Sy, Vy = —Snzg, and Zy = §a:d TSy

e Since Uyy1 = [R+ BTSkHB]*l, a computer, backward in time, easily solves Si.

@ Then solve V} in Eq. (5) using S as a known coefficient matrix and we know 7(k).

e Now we could calculate Eq. (6) given Sk, Vi are available. But it actually never needs to
be solved if the only interest is in finding the optimal control. Z;, is only needed if we
want to know Ji .

e For regulator, 24 = n(k) = 0. Eq. (5) becomes a homogeneous equation with zero initial
conditions, so V} is zero for all stages Similarly, Zy, is 0 too. Therefore, we get back to
the quadratic term for J;/ \ = 3 La(k)T Spa(k).
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Comparison of Feedback and Feedforward Control

Feedback (FB) Control
Advantages:

Corrective action occurs regardless of the source and type of disturbances.

(]

Requires little knowledge about the desired tracking trajectories
@ Versatile and robust (Conditions change? May have to re-tune controller).

Disadvantages:

FB control takes no corrective action until a deviation in the controlled variable occurs.

FB control is incapable of correcting a deviation from set point at the time of its
detection.

(]

Theoretically not capable of achieving “perfect control.”

For frequent and severe disturbances, process may not settle out.
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Comparison of Feedback and Feedforward Control

Feedforward (FF) Control
Advantages:
Takes corrective action before the disturbance arrives

Theoretically capable of " perfect control”

Does not affect system stability.

Disadvantages:

Disturbance must be measured (operating costs)
Feedforward Plus Feedback Control

FF Control: Attempts to eliminate the effects of measurable (nonlinear) disturbances.

(]

FB Control: Corrects for unmeasurable disturbances, modeling errors, etc.
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Finite Horizon Continuous-Time Linear Quadratic Regulator (1)

@ Derive on the blackboard again. The continuous version of the FH LQR is in the form

minimize J = %xT (ty)Sx(ty) + ;/ T (1) Qx (t) + u” (t) Ru(t)dt

to
subject to &(t) = Ax(t) + Bu(t)
o Define the “cost-to-go” function J(x(t),t),t € [to,tf] as the cost from t to t;. Asin DT,
break the procedure into two steps: from ¢ to ¢ + 6t and from ¢ + 4t to ¢

1 t+6t
J(x(t),1) =3 /t (2T (1) Qz (t) + u” (t) Ru (t)]dt

t
- %:pT (ty) Sz (tg) + ;/t;t[xT (t) Qz (t) + ul (t) Ru (t)]dt

@ Apply Dynamic Programming. The optimal " cost-to-go” function

u(t:tf)
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J*(z(t),t) = min {; /tH&(xT(t)Qx(t) +ul () Ru(t))dt + J*(x(t + 5t), t + 615)}
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Finite Horizon Continuous-Time Linear Quadratic Regulator (2)

e When 4t is small, z(t + dt) — z(t) = ©(t)6t = (Ax(t) + Bu(t))ot.
@ Expand the last term with the Taylor series.

0J* 9J*
Tt 4 91), 4+ 81) 2 T @), 0) + Oy o4 0= 1) |l 4+ 81) — (1)
. oJ* oJ*
= 70, 1) + O iyt D (A (1) + Bu(r))o
Substitute this back to J*(z(t),t), J*(z(t),t)

oJ* 5t + oJ*
ot ox

1 t+dt
=min {2 / (2T Qz + uT Ru)dt + J*(x(t),t) +
t

(Az + Bu)ét}
J*(z(t),t) cancelled =
oJ*

ot

*

0t + min {; (xTQac + uTRu) ot + 9J

5 (Azx(t) + Bu(t))ét} =0
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Hamilton-Jacobi-Bellman Equation  Hamilton 1805-1865
Jacobi 1804-1851

+ min {; (27 Qx + u” Ru) + BaJ (Az + Bu)} =0
u €T

@ Define the Hamiltonian

*

H (z,u,J* t) =

(2" Qz + u” Ru) + 88J (Az + Bu)

1
2 T

. T
@ To calculate minH , take aa—uH =0
u

T «\ T
9 H:Ru+BT<aJ> =0

ou Ox

* T
=u*=—R'BT <8J>
ox

Ding Zhao (CMU) M2-2: Optimal Control 49 /57



Finite Horizon Continuous-Time Linear Quadratic Regulator (3)

o We saw that J* = 127 (k)Skx(k) for DT ... let's assume J* = 127 (t) P(t)x(t).
Substitute it to u*
v =-R'B"Px

where P <0
e How to find P(t)? Plug u* back to the HJB equation!
1 . 1 1
0= 5gcTPac + ixTQa: +3 (R'B"Pz)" RR'B"Px + 2" P(Az — BR"'B" Px)
1 . 1 1
= §xTPx + ixTQx - 5acTPBR—1BTP:): + 2T PAx

e v PAx is a scalar. So
2T PAz = (2T PAz)T = 2T AT P g = 2T AT Py
1 . 1 1 1 1
= §xTPx + ixTQa: — 5gcTPBR—1BTP:1: + §a:TPAx + 5gcTATch
T (P +Q-PBR'BTP+PA+ ATP> z=0
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Finite Horizon Continuous-Time Linear Quadratic Regulator (4)

This must hold for all z =

P=—-Q+PBR'BT"P-PA—ATP
w=—R'BTPz

Solve an ODE in P with boundary condition P(t;) = S
This is called differential Ricatti Equation

Could certainly solve for P(t) for a scalar system, but otherwise would resort to numerical
solution = back to DT LQR
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Recap: Finite Horizon Continuous-Time Linear Quadratic Regulator

L / T ) Qu(t) + ul (1) Ru(t) dt

1
minimize J = —a7 (t;) Sz (t;) +
2 2 /s,

subject to
#(t) = Az(t) + Bu(t)

The optimal control
u*(t) = —RIBTP(t)x(t)

where P(t) is the solution of a Continuous-time Differential Riccati Equation
P(t) = —Q + P(t)BR™'BTP(t) — P(t)A — ATP(t)
with boundary condition P(t;) = S.
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Recap: Matrix Equations

Discrete-time Difference Riccati Equation  Continuous-time Differential Riccati Equation

Sy = ATSp 1 A— ATS, 1B P(t) = —-Q + P(t)BR'BTP(t) — P(t)A
(R+ B"Sj1B) ' BT S A+ Q ~ATP(1)

Discrete-time Algebraic Riccati Equation  Continuous-time Algebraic Riccati Equation
(DARE) (CARE)

S=ATSA - ATSB ATP4+PA—-PBR'BTP+Q =0

(R+BTSB)"'BTSA+Q
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Infinite Horizon Continuous-Time Linear Quadratic Regulator

Like in the discrete case, we make simplify the calculation of FH-CT-LQR as follows:
@ extend the planning horizon to oo
@ remove the penalty for the final state

@ use a constant control gain

J = / h 2T (#)Qx(t) +u” (t)Ru(t) dt
0
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Solving IH-CT-LQR

P(t) = —Q + P(t)BR'BTP(t) — P(t)A — ATP(t)

@ Because K is a constant, P must be a constant. P=0
ATP+PA—PBR'BTP+Q =0

@ This is in the form of the solution to the Continuous-time Algebraic Riccati Equation
(CARE). There are many reliable numerical solvers.

@ The optimal control is then
K=-R'BTP
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Recap: Matrix Equations

Discrete-time Difference Riccati Equation  Continuous-time Differential Riccati Equation

Sy = ATSp 1 A— ATS, 1B P(t) = —-Q + P(t)BR'BTP(t) — P(t)A
(R+ B"Sj1B) ' BT S A+ Q ~ATP(1)

Discrete-time Algebraic Riccati Equation  Continuous-time Algebraic Riccati Equation
(DARE) (CARE)

S=ATSA - ATSB ATP4+PA—-PBR'BTP+Q =0

(R+BTSB)"'BTSA+Q
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