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Plan for Today

@ Prediction - Correction Observer (Luenberger Observer)
@ Prediction - Updated-Correction Observer
o Kalman Filter

All observers have the same goal:

y(k),u(k), z(k —1) = z(k)
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Recap: Continuous Time Luenberger Observer

By using an observer and performing state feedback on &, we can build an output feedback
controller.

T = Az + Bu< prediction

z

=T+ L(y — §) < correction
u= Kz y=Cz+ Du
~ & — Az + BK# j = Cé + Du

= & = A% + BK# + L(Cz + Du — (C# + Du))
— (A— LC 4 BK)i + LCx
o Now stack 1%] = [4 BK z| _ [¢] _[A+BK -BK ][z
owstack il T e A- Lo+ BK| |2 el 7| 0o A-Lc||e

@ Note D does not show up in the final results. Some analysis actually takes D as 0. It
makes sense because we can also take § =y — Du = Cz.
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Recap: Discrete Luenberger Observer (in Pole Placement Notation)

Controller System

= z(k—1) —y(k-1)
u(k) = K&(k —1) — u(k)

z (k) = Az (k—1)+ Bu(k) z (k)= Az (k— 1)+ Bu(k)
gk—1)=Cz(k—1)
t(k)=z(k)+Ly(k-1)-g(k-1))

wait until AT

= (k) « y(k) = Cx(k)
Memorize z (k)

Output u(k + 1) = Kz (k) — u(k+1)

wait until AT

Note we do not use Z(k) until next time interval.
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A Similar Expression

Controller System
= z(k—1) —ylk—1)
u(k) = K&(k—1) — u(k)

x (k) =Ax (k—1)+ Bu (k)

wait until AT

= z(k—-1) —y(k) = Cz(k)

(k) = Az (k— 1)+ Bu (k) 4 We could compute the red part
g(k—1)=Cz(k—-1) in the next time interval
&(k)==z(k)+Lyk-1)-79(k-1))

Memorize z (k)

Output u (k+1) = Kz (k) —u(k +1)

wait until AT
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Prediction Updated-Correction (in Pole Placement Notation)

Controller System
=2k —1) —yk—1)
u(k) = K&(k—1) — u(k)
xz (k)= Az (k—1) + Bu(k)
wait until AT
= z(k—1) +— y(k) = Cx(k)
z (k)= Az (k—1)+ Bu(k)
§ (k) = Cz (k)
z(k)=xz(k)+ L(y(k)—y(k)) < Since y(k) has been available, use it instead.
Memorize z (k)
Output u (k+1) = Kz (k) — u(k +1)
wait until AT
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Prediction Updated-Correction (in Kalman Filter Notation)

Controller System
= Xp_1|k—1 — Yi-1
u, = KX 1jk-1 — ug

X = Axp_1 + Buy

wait until AT

= Xp—1[k—1 —ye = Cxy
Xplk—1 = AXp_1jp—1 + Bug

Yik—1 = CXppr—1

Kplk = Xpglo—1 T Le(Yk — Trjp—1)

Memorize Xy

Output ugi1 = KXy, — U1

wait until AT
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Prediction Updated-Correction (Consider Gaussian Noise)

Controller System
= Xp_1|k—1 — Yi-1
u, = KX 1jk-1 — ug
xp = Axg—1 + Bug + wy,
wait until AT
= X 1jk—1 —¥YE = Cxp + Vi

Xplk—1 = AXp_1jp—1 + Bug

Yik—1 = CXppp—1

Kk = Xplo—1 T Le(Yr — Irjp—1)

Memorize Xy

Output ugi1 = KXy, — U1

wait until AT

Wy, is the process noise, vy, is the observation noise. wi ~ .4 (0, W), vi, ~ .4 (0, V).

Ding Zhao (CMU) M2-3: Stochastic Control 10 /41



Prediction Updated-Correction (with Kalman Optimal Gain)

Controller System
= Xp_1|k—1 — Yr-1
u, = KX 151 — ug

wait until AT

X = Axp_1 +Bu, + wy

= Xp—1k—15 Pr—1jk—1

Xplk—1 = AXp_1jp—1 + Bug
Yik—1 = CXppr—1
Pyj_1=AP;_11AT+ W

Ly = Pyj_1CT(CPy,_1CT + V)~

Xk = Xije—1 + Le(Ye — Yrjp—1)
P =1 -LiC)Pyp_y
Memorize Xgx, Py

Output Upr] = K)A(k“c

wait until AT

+— yir = Cxp + Vi

— Upt1
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The Five Kalman Filter Equations

Controller System
= Xp_1|k—1 —Yr-1
up = KXp_qp—1 — g
X, = Axp_1 + Bug + wy,
wait until AT
= X 1jk—1: Pr_1jk—1 —yr = Cxg + i

P-1: )A(k|k,1 = A)A(k,”k,l + Buk
V-1 = CXpjp—1
P-2: P = APk,l‘k,lAT +W
C-1: Ly = Py CT(CPy1CT + V) !
C-2: Xk = Xppp—1 + Le(yr — Yrjp—1)
C-3: Py = (I — LyC)Ppppy
Memorize Xgx, Py
Output Upri = K)A(k“c — Ug41
wait until AT
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The Five Kalman Filter Equations Il

Controller System
= Xp_1|k—1 —Yr-1
up = KXp_qp—1 — g
X, = Axp_1 + Bug + wy,
wait until AT
= X 1jk—1: Pr_1jk—1 —yr = Cxg + i

P-1: )A(k|k,1 = A)A(k,”k,l + Buk

P-2: Pk|k71 = APk—l\k71AT +W

C-1:. Ly = Pk‘k,lcT(CPk‘k,lcT + V)fl

C-2: Xyt = Xpgjp—1 + Lp(yr — CXpjpe—1)

C-3: Pk|k = (I — LkC)PMkfl

Memorize Xz, Py

Output Upri] = I()A(k“f — Ug41
wait until AT
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How to Compute the Kalman Gain L;

o —
Xplk = Xpglk—1 T Le(Yr — Tjp—1)

s.t. }A(k|k,1 = A}A(k,l‘kfl + Buy

Yijh—1 = CXpjp1 KalmaAn Filter: A
. P-1: Xpjp—1 = AXp_1p—1 + Bug
The system dynamics: P-2: Pyjq = AP AT+ W
C-1: Ly, = Py CT(CPy_,CT + V) !
Xp, = Axy-1 + Buy + wi C-2: Xy, = Xppp—1 + Li(ye — CXpjio—1)
Ye = ka + Vi C-3: Pk\k = (I — LLC)Pk\kfl

Wy is the process noise, vy, is the observation  Where do these three equations come from?
noise. wi ~ A (0, W), v ~ A4 (0, V).
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The Key ldeas of Kalman Filter

o What are Py, and Py,
X, = Axp_1 +Bu, +wy,
Xpk—1 = AXp_1)k—1 + Bug
Xplk = Xplh—1 T Le(Yr — CXpjp—1)
Ppjr—1 = cov(xy — Xgjp—1)

Pk = cov(xp — Xpx)

They are Covariance Matrices
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Covariance Matrix

Let random vector x = [z

T . . . .
xn] . The covariance matrix of x is defined as

cov(x) = B[(x — X)(x — %)7] = B(xxT) — xx"

E[(z1 — 21)(z1 — 71)]

E[(z2 — Z2)(z1 — 21)]

_E[(xn — Tn) (21 — Z1)]

cov(Ax +a) = A cov(x) AT, where A and a are constant.

E[(z1 — Z1)(z2 — T2)]

E[(z2 — Z2)(z2 — Z2)]

E[(zn — Zp)(22 — 72)]

E[(z1 — 21)(2n — 7n)]

E[(zy — Z2)(2n — Tn)]

E[(zy, — Zn)(zn — 2]

cov(x +y) = cov(x) + cov(x,y) + cov(y,x) + cov(y), where cov(x,y) is the

cross-covariance matrix of x and y. If x and y are independent, cov(x,y) = cov(y,x) =0

= cov(x +y) = cov(x) + cov(y)
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The Key ldeas of Kalman Filter
e What are Py, and Py

Xpjk = Xgjp—1 + Lr(Yr — CXpjp—1)
Ppr—1 = cov(x — Xpjp—1)

P = cov(xy — Xgk)

@ Why do we need them? The goal is to rrﬁinE [ka — fck“cHQ] We should have
k

. 2
oE [ka_xk|kH ] R -
EAm = 0 and solve for L as L}, but it is hard to work on it directly.
Instead people find out

E [ka - )A(k|kH2} = tr(Ppx)

d tr(P . .
Now we only need to solve g(iL:““) = 0 and it turns out to be a very clear way to avoid

both expectation and complex matrix derivative.
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Trace and Determinant

Trace Determinant

tr(A) =370 ai det(A) =2, cp, o(0i) [Tj=1 ajpi(5)
tr(A) =3, N\ det(A) =L, M

tr(AT) = tr (A) det(AT) = det(A)

tr(aA) = a - tr(A) det(aA) = " det(A)

tr(A+ B) = tr(A) +tr(B)  det(A+ B) # det(A) + det(B)
tr(AB) # tr(A) tr(B) det(AB) = det(A) det(B)

tr(AB) = tr(BA) det(AB) = det(BA)

tr (M~'AM) = tr(A) det (M~'AM) = det(A)

Otr(AX) _0tr(XA) _ 7 Otr (AXT)  otr(XTA)

X  ox T ax T X
dtr (XT8X) p— (XSXT) XS where S | i
OX f— s OX — , wnhere IS symme ric.
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Expectation, Covariance Matrix, and Trace

E [ka - fik\k‘ﬂ = tr(Pyk)

where Py, = cov(xg — Xyx,)
Prove: Let e = x;, — X, and Ele] =e =0

tr(Pp) = tr(cov(e ZE —)? ZE e? —&?] < this step is always true
= ZE[@?] — Zé? = ZE[ef] —e= ZE[@?] < g; is a constant
.2
Ze%] = Elllel’] = B[ [Jxe = %’

i

=K
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Express Py, with Ly

L2
aE[ka—kaH } 9 tx(P
If we want to compute 7L, = g(L’“"“) = 0, first need to express Py, with Ly.

Recall Py, = cov(xy — Xj;) and Pk|k 1= CoV(Xp — Xp|p—1)

Py = cov (xk3 — xk|k)
= cov (xg — [Xppe—1 + L (yr — CRpp—1)])
= cov (xk — [f(,ﬂk_l + Ly, (ka + v — Cfck|k_1)])
= cov [(I — L;C)(x) — fck|k_1) — Lkvk]
Since the measurement error v, is uncorrelated with the other terms, this becomes
Py = cov [(I— LiC) (xx — Kgjp—1) ] + cov [Lyvy]
By the properties of vector covariance this becomes
Pip = (I — L;C) cov(xg — f(k|k—1) (I- LkC)T + Ly cov (vi) Lf
= (I - LyC)Py_1(I - LyC)T + L, VL]
= Pyjp—1 — LikCPy_1 — Pyp_1C Ly + Ly (CPy_1C" + V)L
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Optimal Kalman Gain (Equation C-1 and C-3)

L, = nllian [ka — f(k‘kHQ} = Hlin tr(Ppx)

Let
0 tr(P
a(ka) = —2P},_1CT + 2L4(CPy;,_,CT + V) =0
k

Li = Pe—1CT(CPp1 CT + V)1 (C-1)

Let us plug Lk into Py;. Since
P—1C LT — Ly (CPyy_1CT + V)L = (Py_1CT — Lj(CPy, 1 CT + V))L;T =0,
therefore, when applying the Optimal Kalman Gain (omit % from now), we have

Pk = Prp—1 — LyCPyp—y = (I = Ly C)Py—y  (C-3)
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Still Need to Compute Py, (P-2)

X = Axp_1 +Bu, + wy
Xpk—1 = AXp_1p—1 + Bug
P = cov(xk — Xgk)

Ppjr_1 = cov(xr — Xgp—1)

Ppjr—1 = cov(xy — Xgjp—1)
= cov(Ax;_1 + Bug + wi — Axj_qp—1 — Buy)
= cov(A (X1 — Xp—1|k—1) + Wk)
= cov(A(Xg—1 = Xg_1jk—1)) + cov(wy)
= AP, AT+ W

Ding Zhao (CMU) M2-3: Stochastic Control 23 /41



Summary: "Hi-Five” Kalman Filter Algorithm

Take )A(k:\k—l and Pk|k—1

Initiate with fck_l‘k_l and Pr_1jk-1 Correct
Predict (C-1) Compute the Kalman gain
(P-1) Predict the state L, = Pk‘k,lCT(CPk‘k,lCT +V) !
Xplh—1 = AXp_qjp—1 + Bug (C-2) Update estimate with new measurement
(P-2) Predict the error covariance Xk = Xgjo—1 + L (ye — CXppp—1)
Ppi—1 = APk_l‘k_lAT +W (C-3) Update the error covariance
P =T - LyC)Ppp_y
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How to Know W and V

@ In the actual implementation of the filter, the measurement noise covariance V is usually
measured prior to operation of the filter.

@ The process (system) noise covariance W is generally more difficult to estimate as we
typically do not have the ability to directly observe the process. If the measurement noise
is small, we may choose a small W to force the output behave more certain and measure
the randomness.

@ In either case, whether or not we have a rational basis for choosing the parameters, often
times superior filter performance (statistically speaking) can be obtained by tuning the
filter parameters W and V.

o Py, = (I - LyC)Py;_; is computationally cheaper and thus nearly always used in
practice, but is only correct for the optimal gain. If arithmetic precision is unusually low
causing problems with numerical stability, this simplification cannot be applied; Joseph
form must be used.
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The Linearity Assumption Revisit for Kalman Filter

Assumption violated for Nonlinear System

|— Function %) TPy " |—— Function of gix)
;%:;‘r:p:(mgj ] 4 4 G:;‘g:nnrorf !
% 4 + 9 + G
! ' 2k — 2O
20 =
o
0 Lo
z 0
-2 2y 05 1 0.5 '20 0. 1
% 0.5 1 ¢* 0.5 1 10
4 [ % il
o s
=
05 05 7 % 0 T
If p(x) has high variance relative to region in

If p(x) has small variance relative to region in
which linearization is inaccurate.

which linearization is accurate
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Extended Kalman Filter - A Direct Intuition using Linearization

xp = f(Xp—1, ) + Wy
Vi = h(xg) + vi

Let F = 2L "= Replace A with F, C with Hy,. We get EKF.
Ox Re—1|k—1,Uk 0x Xk|k—1
Take )A(k‘k_l and Pk|k:—1

Initiate with X131 and Pp_qjp—1 Correct

Predict (C-1) Compute the Kalman gain

(P-1) Predict the state L, = Pk‘k,lﬂg(HkPkUg,ng + Vi)t
Xpjh—1 = [ (Xp—1jp—1, Uk) (C-2) Update estimate with new measurement
(P-2) Predict the error covariance Xk = Xgp—1 + L (Y — M(Xppp—1))

Pi—1 = FkPk_1|k_1FE + Wy, (C-3) Update the error covariance

Prjp = (I - LiHg)Ppp—
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Issues of EKF for "Very” Nonlinear System

Actual (sampling) Linearized (EKF) uT

covariance

mean

sigma points \'@
(]
]
(]

‘ y=£(%) y= f(X)

— AT
y =f(x) P, =A'P,A weighted sample mean
l l and covariance

£(x)

frue mean
™ N
A\ . true covariance
%,
N UT mean

ut oovarlance

(ransformed
sngma points

Courtesy: E. A. Wan and R. van der Merwe
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Concept of the Unscented Kalman Filter

1. Compute a set of (so-called)
sigma points. Each sigma points
has a weight.

2. Transform each sigma point
through the non-linear function

3. Compute Gaussian from the
transformed and weighted points

Courtesy: Cyrill Stachniss

Ding Zhao (CMU) M2-3: Stochastic Control

31/41



Sigma Points
For a random vector x = (x1,...,x1), sigma points are any set of vectors

{SQ,...,SN} = {( S0,1 S0,2 --- SO,L ),...,( SN,1 SN2 - SN|L )}
attributed with
o first-order weights W', ..., Wy that fulfill
N a _
Q> Wi=1
@ Elw| =Y Wesjiforalli=1,...,L
@ second-order weights W, ..., W that fulfill
N c _
Q> W=
Q Elxix) = Z;V:() Ws;jas;a for all pairs (4,1) € {1,..., L}?
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One Popular Choice of Sigma Points

Sigma points First-order (mean) Weights Second-order (co-variance) weights
80 = Xg—1]k—1 Wg = ai@;L Wg=Wg+1-a>+p8
Sj = Xjp_1jk—1 + aVKA; o L
SL4j = Xp_1k—1 — OVEA; 7 202k We=w¢
=1L j=1,...,2L

Choice of hyper-parameters

e « and k control the spread of the signma points. Usually o = 1073,k =1 is
recommended

@ [ is related to the distribution of x. If the true distribution of = is Gaussian, § =2 is
optimal.

e The A where Py = AAT. The matrix A should be calculated using numerically
efficient and stable methods such as the Cholesky decomposition.
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Algorithms of the Unscented Kalman Filter

Predict

@ Given the estimates of the mean and covariance x;_1;_; and Pj_q;_1, we can obtains
N = 2L + 1 sigma points. The sigma points are propagated through the transition
function

Xj:f(Sj) jZO,...,QL

@ The propagated sigma points are weighed to produce the predicted mean and covariance
2L
Keje1 = Y Wi,
j=0

2L
Pijor = 3 WF (%) = K1) (%5 — Xppe1) |+ Wi
7=0
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Algorithms of the Unscented Kalman Filter (continued)

Correct
e Given prediction estimates X ;1 and Pgjx_1, a new set of N = 2L + 1 sigma points
S0, - - -, So1, With corresponding weights is calculated. The sigma points are transformed
through measurement function

Zj:h(Sj),jZO,l,...,QL

Then the empirical mean and covariance of the transformed points are calculated

2L
zZ = Wj@z]
j=0
2L
Sp= Wf(z;—2)(z;—2) + Vi
7=0
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Algorithms of the Unscented Kalman Filter (continued)

Correct (continued)

@ The cross covariance matrix is also needed
2L
_ Cla. _ % 5\
Csz = E W (sj — Xk\k—l) (z; — 2)
=0

where s; are the untransformed sigma points created from X1 and Py;_;.

@ The Kalman gain can be calculated as
L; = Cs,S:!
k szP
@ The corrected mean and variance estimates are

Xpe = Xpjk—1 + L (Yx — 2)
Py, = Pyt — LSy

Ding Zhao (CMU) M2-3: Stochastic Control 36 /41



EKF VS UKF

Xk = f(Xp—1,ux) + Wi

EKF:
Yi = h(xg) +vi
of oh
F,= — H
k X |4 k= ax

Xp—1|k—1>Uk Xk|k—1
Initiate with X;_1)p—1 and Py_q1p_1
Predict
(P-1) Predict the state
Xelk—1 = f(Rp—1)p—1,Uk)
(P-2) Predict the error covariance
Pyo—1 = FiPr_qk1Ff + Wy
Take )A(k‘k71 and Pk\kfl

Correct

(C-1) Compute the Kalman gain

Ly = Pyp 1 HE (Hi Py HY + Vi)~
(C-2) Update estimate with new measurement
K|k = Xpjo—1 T L (Yr — h(Xpjp—1))

(C-3) Update the error covariance

P =T - LeHg)Prp_1

Ding Zhao (CMU)

Initiate with X511 and Py

Predict

(P-1) Predict the state
S0 = Xp—1/k—1,8) = Xe—1Jk— 1+a\fA],AA =Py k-1
SL+J—xk Pl 1—oveA;, j=1,...,L
Rig|k—1 fZJ o Wixj,x; = f(sj,ur), j:0,-~~72L
wWe = OLQH L Wa — 1
07 a2 — 2a2 K
(P-2) Predict the error covariance

5 T
P11 = Zj:OVI/Qj (XJ - xk\k—l) (xj 7xk\k—1)
W§=Wg+1—a*+8W:=W2

+ Wy

Take )A(k”cfl and Pk\k*l

Correct

(C-1) Compute the Kalman gain

Ly =CyS, " 2; = h(s;),j=0,1,...,2L,5 = Y22 Wz
Sk = SjLo W (2~ 2) (25— 2) + Vi
Csz = ijo Wf (Sj - ﬁk\k—l) (Z]’ - i)

(C-2) Update estimate with new measurement
K|k = Xijo—1 + Lz (Y& — 2) R
(C-3) Update the error covariance Py = Pyjp—1 — LgSiL

M2-3: Stochastic Control
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Definition of SLAM

@ Building a map and locating the robot in the map at the same time

e Given
e Robots control input uy.7 = {u1, uz, us,...,ur}
e Sensor measurements y1.7 = {y1, Y2, Y3, -, Y7}
e Want
e Map of the environment m
o Trajectory of the robot zo.r = {x0,z1,22,..., 27}
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Apply EKF to SLAM

@ Estimate robot's pose and location of map features in the environment.
@ Assume we know the correspondence of map features across different time steps.

e State space is z; = [ X3, Yy, ¢, ml, ml , m2 m"]T, where X;,Y;,1; are the global
N—— ——

WS ,
robot’s pose |andmark 1 ~ landmark n

position and heading angle of the robot. mZ and mj, are the global position of the map

feature j for j=1,--- ,n.

@ The dynamical system of the robot is
X1 =Xi + 5tX, + wy
Yit1 :Yt—i-&}'@—i‘wf
Yer1 = Py + Oty + wy

where &t is the time step, and w¥, wy, w;p are the dynamical noise.
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Apply EKF to SLAM (continued)

@ A robot will have both range and bearing measurements relative to the map features
(landmarks), which can be achieved by using sensors such as LiDAR.

@ The range measurement is defined as the distance to each feature with the measurement
equations yidistance = HmJ —ptH + v/ for j =1,...,n, where m’ = [m

J T
t,distance 2, 1T ]
_ T J
bt = [Xtv th} and Ut,distance

@ The bearing measure is defined as the angle between the vehicle's heading (yaw angle)
and ray from the vehicle to the feature with the measurement equations

is the range sensor measurement noise.

j _ j_ i _ _ j _ Y :
Yi bearing = atan2(my — Ye,mz — Xy¢) — e + Ui bearing 1O J =1, ..,n, where vy, is

the bearing sensor measurement noise.

@ We can apply EKF to estimate the state including the robot's position, heading angle and
the location of the map features.

@ You will derive matrices A, B, C, D for EKF SLAM in your project.
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