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Recap: State Space Equations

general (nonlinear) | linear

&= f(x,u,t) &= A(t)x + B(t)u
time-varying

y =gz, u,t) y=C()x+ D(t)u

&= f(x,u) & = Ax + Bu
time-invariant

y=g(z,u) y=Czx+ Du

where u € R™ is input, z € R" is the states, and y € RP is the output. In this course, we will
focus on the linear SS problems.

From this lecture, | will not deliberately distinguish between scalars and vectors using the bold font, so you may see x

instead of x that is actually vector.
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Dynamics (Solutions) of Linear Time Invariant State Equations

The state space equation:
& = Az + Bu
y=Cx+ Du
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Properties of Matrix Exponential

Define et = T + At + A;!tz 4.

Q clnvxn =7

@ cA(+T) — At AT

Q eATB)t — At Bt o, AB = BA Proved by definition

Q [ =e 4" proved by 3: et At = Onxn =

9 ") = (e)T proved by definition

@ det(e?) = (4 Very useful in developing Kalman Filter

(7] %e“” = Ae?t = eA' A proved by definition, will be used today

Ding Zhao (CMU) M1-2: Solving Linear Dynamics 6/86



Dynamics (Solutions) of Linear Time Invariant State Equations

The state space equation:
T = Az + Bu
y=Cx+ Du

Rewrite as & — Az = Bu = e~ 4% — e Az = e~ 4*Bu
Consider 4 (e=Atz) = —Ae Mz + e~ Ai = e Mg — e M Az
Therefore & (e~Atz) = e Bu
e Algll = ft'; e~ AT Bu(T)dr

_ _ t
e Atx(t) — e Mog(ty) = Jy € AT Bu(t)dr

x(t) = eMte=Mog(ty) + e ftto e~ AT Bu(t)dr
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Dynamics (Solutions) of Linear Time Invariant State Equation

t
z(t) = A1)z (t) + / A7) Bu(r)dr

to

t
y(t) = CeAt0g(tg) + C | A Bu(r)dr + Duf(t)
to
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Ways to compute et

@ Apply the series definition:
eAt oo AFtk

- k=0 k!

@ Apply Cayley-Hamilton theorem (finite polynomial - today):
eAt = Bol + B1A+---+ 571_114”_1

© Use similarity transformations (matrix manipulation - next lecture):
eAt — MeltpM—1
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Eigenvalues and Eigenvectors

Definition

Consider a square matrix A
An eigenvector for A is a non-null vector v ## 0 for which there exists an eigenvalue A\ € R

such that
Av = \v

Some basic properties:
@ An eigenvector has at most one eigenvalue

e If v is an eigenvector, then so is av, V scalar a # 0

A\
INIE

@ a normalized e-vector is defined as v =
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Determinant of Matrix

Minors An n x n matrix A contains n? elements a;; . Each of these has associated with it a
unique scalar, called a minor M;; . The minor My, is the determinant of the n —1 xn —1
matrix formed from A by crossing out the p th row and ¢ th column.

Cofactors Each element a,, of A has a cofactor C),, which differs from M,,, at most by a
sign change. Cofactors are sometimes called signed minors for this reason and are given by
Cpq = (=1)PTI My,

Determinants by Laplace Expansion If A is an n x n matrix, any arbitrary row k can be
selected and |A| is then given by |A| = Z?Zl ay;Cyj. Similarly, Laplace expansion can be
carried out with respect to any arbitrary column [, to obtain |[A| =>"" , a;C;;. Laplace
expansion reduces the evaluation of an n X n determinant down to the evaluation of a string
of (n — 1) x (n — 1) determinants, namely, the cofactors.
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Determinant of Matrix

2 4 1
Example: Calculate determinantof A= 3 0 2 :
2 0 3 Laplace, 1749-1827
Three of its minors are
a b 3 2 2 1 2 1
H:C d”—ad—bC,M12—‘2 3’—5, MQQ—‘Q 3’—4,(171(1 M32—’3 2’—1

The associated cofactors are
012 - (_1)35 = _5, 022 = (—1)44 = 47 032 = (—1)51 = —1

Using Laplace expansion with respect to column 2 gives |A| = 4C19 = —20
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Geometric Meaning of the Determinant (Group Discussion)

The area of the parallelogram is the absolute value of the determinant of the matrix formed by
the vectors representing the parallelogram’s sides.

(a+0b,c+d)
a bl be (b, d)
C d - - - : _____ —I
DN I
Note: Determinant is not (ad — bc\) RN
the real volume as it can be L (a,c)
negative. :
(0,0)
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Properties of Determinant

Given A, B € C(™™): det(A) #0 <= A is nonsingular/not defective <= rows and
columns independent

Properties:
e det(aA) = a"det(A)
o det(AT) = det(A)
@ det(I) =1
o det(AB) = det(A) det(B)
o det(A~1) =1/det(A)
o If A is triangular matrix, det A = [[diag(A) (What if it is a diagonal matrix?)
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Linear Combination

A linear combination is any finite sum of the form
a1X1 + 09X + ... + apXp

where o; € #,x; € 27,1 <i<mn,n is an arbitrary integer > 1
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Linear Independence

@ A finite set of vectors x1,...,x; € 2 is linearly dependent if there exist scalars
at,...,ap € % NOT ALL ZERO, such that

a1X] +aoxo+ ...+ X =0

Otherwise, the set is linearly independent.

@ The maximal number of elements in any linearly independent set of vectors in (2", %), is
called the dimension of (27,.%).

Question: What is the dimension of our living space.

Question: if a set 27 is linearly independent and 25 is linearly dependent, then is {27, 25}
linearly independent? NO
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Span

Let .7 C 2 be a subset of (:Z7,.%).The span of .7 is the set of all linear combinations of
elements of .7

span{.?} = {x € 2Tk < o0, x},...,x* € L, 0q,..., 4 € Z,

x:a1x1+a2x2+...+akxk}

Example: Span of {[ (1) ] , [ (1) ] , [ (2) ]} ? What is the dimension?
- (RQ,R) Dim: 2
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Basis

A set of vectors B in (£, .%) is a basis iff:

© B is linearly independent
@ span{B} =2
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Characteristic Polynomial

(A —AI)v =0,v # 0= (A — Xl singular/defective = det(A\I — A) = |A\I- A| =0
Define characteristic polynomial:
AN\ =det(A = XI) = (=N + N 4 e d + ¢

In factored form,
A = (=1 (A= A)(A = A) -+ (A= An) =0,

where the roots are A1, Ag, ..., \y.
Note: sometimes, we may also use A(A) =det(AL —A) = (A= A1) A= X2) - (A= \p)
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Example: Eigenvalues of 3 x 3 Matrix

Consider the matrix

-2 —4 2
-2 1 2
4 2 5

The characteristic equation is

—2—-X -4 2
det -2 1—A 2
4 2 5—A

(=2=N[1=XNG-N)—2x2]4+4[(=2) x (5 -\ —4x 2] +2[(-2) x2—4(1—-\)] =0
A 44X 42TA - 90 =0
A 4N —2TA+90=(A=3) (A2 = A—30) = (A —3)(A+5)(A—6) =0

I
o

Therefore, the eigenvalues are 3, -5 and 6.
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Cayley Hamilton Theorem

Given A € R™™ with characteristic polynomial
AN) =det(M — A) = A" + o, (A" L 4.+ ag A+ ag. Then,

Cayley 1821-1895

AA)=A" +a, 1 A"+ A+l =0 Hamilton 1805-1865

That is, A satisfies its own characteristic equation.

A" = —Oén_lAn_l - Oén_QAn_Q — . — OdlA - OéoI
Cayley proved 2 by 2. Hamilton generalized the Theorem. We will learn his other theorem in
the optimization section. Heuristic proof (2by2): timesAv to the right of
A? + 1A + )20 =0—= N2Av + a1 AV + agAv = (A2 + o A + ) Av = 0
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Application of Cayley Hamilton Theorem: A~!

A(A) =A"+ O‘n—llAn_1 4+ ... +aA+al=0
A quick application:

—apl = JA(.AH_1 + OénflAn_2 + ...+ 051)
If ag # 0, we can compute

1
Al = _E(An_l + o 1AM 4 o)
0
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Application of Cayley Hamilton Theorem: p(A)

Another application is to calculate the polynomial functions of A € R™*", Let
P(A) =k A™ + ... + k1A + koI and m be an arbitrary integer.

AA)=A"+a, A" 4. +a A+l =0

= A" = —an_lAn_l — ()cn_glAn_2 — .= oA —apl
_A_n—i_1 = AATL = — Oén—lAn — Oén_QA_n_l e OélA.2 - Oé(]A
= — anfl(—anflAn_l — . OzlA - OéoI)
— o AT — =A% — A

This implies that any polynomial p(\), no matter its degree, can be written as
P(A) = Bt A"+ L 4 BIA + Byl

Now the problem is how to get j;
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Application of Cayley Hamilton Theorem: p(A)

We can do the same thing for the characteristic equation:

AN ="+ a1 A" T4+ aid+ag =0

= \'= —an_l)\nil — .=l —
AT = D\ = — A — AT — a1\ — aph
:—an_l(—an_lx\"*l —. —051/\—040)
— O[n_Q)\n L — 051)\2 — 040)\

= p(A) = g\) = But A"+ BN+ Bo

where p()) is an arbitrary dimension polynomial (now it is just a regular function, we know
how to compute it!) and g(\) is an (n — 1)* order polynomial in \.
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Extend Cayley Hamilton Theorem to Any Analytic Function

Since we know how to compute p(A), we can actually compute any function f(x) such that it
can be approximated by a polynomial series that converges. Typical examples include:

osin(A):A—‘%—f—i—?ﬁ—Aﬁ?—i—...

° COS(A):I—’;—?—i—T?—%f—i—...

o Al =T LA+ AT LAY L
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Application of Cayley Hamilton Theorem

When eigenvalues \; are distinct (different from each other), solve ; from the n equations:
f(M) = g(Brn, A1)
f(A2) = g(Brn, A2)

JOhn) = g(Brin. M)
Then calculate f(A) = g(A) given the ;.
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Example

Find matrix for et where A= <(1) ;)

The characteristic polynomial is A(A) = (A — 1)(A — 3). The eigenvalues are A = 1, 3. Recall:
FO) =9(B,A) = Buat A" 4.+ BLA + Bo

f(/\):e)‘lt:51)\1+50:> et = B+ fo N Bo = S

fA) =eMt =B+ Bo e* =361 + fo pr= e3t2_et
t 3t ot
f(A):eAt=51A+5OI:<% ‘ 63t6>
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Repeated Eigenvalues

When \; repeats m times, use the derivatives of f and g to populate the equations

df(Ai) _ dg(\i)

d\; T d\
> f) _ d’g(N)
)2 )2

d(mfl)f()\i) B d(mfl)g(/\i)
art T gt

K3
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Example: Repeated Eigenvalues

Find matrix for et where A= <(1) i)

Repeated eigenavlues. The characteristic polynomial is A()\) = (A — 1)?

. The eigenvalues are
A=1. Recall: f(A) =P A"t +...+B12+ 5o

JA) =eM=BiA+ o et =Bi+ho _ By = et — tet
GO _ ( > St = By tet = B, By — tel

f(A) =eAl = B1A + Bl = <€Ot 2th>

Ding Zhao (CMU) M1-2: Solving Linear Dynamics

30/86



Why does Taking Gradient Work?

Consider calculating A3 for A = [(1) g} using Cayley Hamilton theorem

The characteristic polynomial is A(\) = A% — 3\ + 2. The eigenvalues are A\ = 1,2. Recall:
F) =g(B.A) = Boa A"+ 4+ BiA + Bo = Bid + Fo
FO) =X = B+ Bo 1= B+ Bo é{ﬁoz—ﬁ
pr="17

FO) =M =B+ By 8=28+
Given A(X) =0 and f(X\) — g(5,A) = 0 share the same
roots, the latter expression can be written as
) =9(8;A) = AR
=N —TA+6=(M=3\+2)h(N)=h(\)=A+3
At A=1,/(1) ~ g(8,1)

5,1
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Example

Consider calculating A3 for A = [g g} using Cayley Hamilton theorem

Repeated eigenvalues: Characteristic polynomial A(\) = A2 — 4\ + 4. The eigenvalues are
A =2 Recall: f(A)=g(B,A)=Bn1 A" 1+ ... 4+ LA+ Bo = Bi1A + fo
F) =X =Bix+ By 8 =261 + By i{ﬁo:—w

=
g _ Q) - 332 = g, 12 =6 i =12

Consider
FA) = g(B,A) = AAN)h(A)
=X 120 +16= (A2 =4 +4)(A+4) =0
At X =2,

20 3
A — 12X + 16

# y ; 7 © -
o3 20 4 17 3

F(2) —g(8,2) =0

) ) Note:
f(2)—9¢(8,2)=0 the gradient is zero at 2
M1-2: Solving Linear Dynamics
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Solve the Longitudinal Driving Example (Conventional Way)

p=v

C d p0)=v(0)=0

p(t)

Which is the state?:
Solve p(t)

Ding Zhao (CMU)

p(t) = p(0) +

/‘t F(t t t2 t3
= —aT = —QaQT =
o m 0o m 3m

Q‘\_/ S
|
&
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Solve the Longitudinal Driving Example (State Space) (Group Discussion)

Fzmazmﬁizt2
T1=p,x2=p, x=[v1,22]

) SEHE

p(t y=[1 0]x
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Solve the Longitudinal Driving Example (Cayley-Hamilton)

E-values 0 and 0. Use C-H to find et

e =61-0+5=pBy=1 At 0 1 1t
{teOt—ﬂléﬁl—t = _t|:0 0:|+I_|: :|

Calculate y(t) with e

t
y(t) = CeAt=y(ty) + C [ A7 Bu(r)dr 4 Duf(t)

to
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Recap: Cayley Hamilton Theorem

Given A € R™*™ with characteristic polynomial
AN) =det(M — A) = X" + o, (A" L 4.+ a1\ + ag. Then,

AA)=A"+a, A" 4.+ oA+l =0

That is, A satisfies its own characteristic equation.

A" = —OénflAn_l - Oén,QAn_Q i S OqA - OéoI
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Recap: Application of the Cayley Hamilton Theorem

Given A € R™ ™ with eigenvalues \;, let f(z)
be an arbitrary scalar function and g(z) an
(n — 1)%! order polinomial. When eigenvalues

)\; are distinct, solve 3; from the n equations: When )\; repeats m times, use the derivatives

of f and ¢ to populate the equations

) = ;A
f(M) = g(B1, A1) df(Ni) _ dg(Mi)
d)\i - d>\i
F(A2) = g(B2, X2)
) _ d?g(\)
dx?2 T dx?

) = 9(Bn An)

Then calculate f(A) = g(A) given the j;.

dmD ) _ d™mTYg(N)
! !

37/86
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Discrete-Time Linear Time Invariant Systems

z(2) = Az (1) 4+ Bu (1) = A%z (0) + ABu (0) + Bu (1)

k—1
(k) = AP (0)+ ) A" ' Bu(m)
m=0

k—1
y (k) = CAFz (0)+ > CA*"™ L Bu(m) + Du (k)
m=0

Need to compute A*
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Similarity Transformation

A square matrix can always be decomposed by a similarity transformation, which is a
relationship between two square matrices A and A of the form

A=ST1AS < A =SAS!

for any nonsingular matrix S.
Here A is in either diagonal or Jordan form. In either case,

AF —SAS!SAS!...SAS ! = SAkSs!

is much easier to compute. We will see that actually e®? is easier to compute too.
Let us first recap matrix inverse.
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Recap: Matrix Inverse

In order to learn similarity transformation, we need review the definition of matrix inverse.
If matrix A is square, and (square) matrix B satisfies

BA=AB=1

then B is called the inverse of A and is denoted as B = A~! For the inverse to exist, A must

have a nonzero determinant, i.e., A must be non-singular. When this is true, A has a unique
inverse given by

CT
A
where C is the matrix formed by the cofactors C;;. The matrix CT is called the adjoint
matrix, Adj(A) . Thus the inverse of a nonsingular matrix is

A—l

A7! = Adj(A)/|A|
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Recap: Matrix Inverse Properties

1y -1 . : L : : . .
A 1) = A, i.e., inverse of inverse is original matrix (assuming A is invertible)

° (

o (AB)"! =B !A~! (assuming A,B are invertible)

° (AT)_1 = (A_l)T (assuming A is invertible )

oI't=1I

o (aA)™! = (1/a)A~! (assuming A invertible, a # 0)
A, 0 - 0\ ! A7 0 -0
0 Ay - 0 0 A;l 0
0 0o --- A, 0 0o - Al

OA_lzab_lzl d ~b] _ 1 d —b
c d detA|—c a ad —bc|—c a
How to compute the inverse of high dimensional matrices
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Recap: Elementary Operation

How to compute the inverse? We can use Gaussian Elimination. First need to know the three
basic operations on a matrix, called elementary operations:
@ Row switching: The interchange of two rows (or of two columns).
@ Row multiplication: The multiplication of every element in a given row (or column) by a
scalar «.
© Row addition: The multiplication of the elements of a given row (or column) by a scalar
«, and adding the result to another row (column). The original row (column) is unaltered.
We will mainly use row operation in this course.
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Recap: Gaussian Elimination

Highlights of Gaussian Elimination: Gauss, 1777-1855
Use elementary row operations to reduce the augmented matrix to a form such that

@ The first non zero entry of each row should be on the right-hand side of the first non zero
entry of the preceding row. Simply put, the coefficient part (corresponding to A) of the
augmented matrix should form an n x n upper triangular matrix.

@ Any zero row should be at the bottom of the matrix.

Gaussian elimination uses the row reduced form of the augmented matrix to compactly solve a
given system of linear equations (echelon form).
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Example

2 1 1 5
Ax=y;A= |14 —6 Ol; y=1|-2
|—2 7 2 9

[ 2 1 1 5

Aly]=| 4 —6 0 -2

| —2 7 2 9

2 1 1 )
= 1|0 -8 —2 —12
0 8 3 14
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Example cont.

Add row 2 to the third row.

2 1 1 )
= |0 -8 -2 —12
0 0 1 2

The diagonal elements: 2,-8 and 1 are the pivot elements.
Rank of A is defined as the number of non-zero rows of the first n columns.
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Use Gaussian Elimination for Matrix Inverse (Group Discussion)

2 -1 0 2 -1 0|1 00
A=|-1 2 —1|=[AI=|-1 2 =101 0
0o -1 2 0O -1 210 01
3 1 1
Gaussian Elimination=[I|B]= |0 1 0|5 1 1 |.
113
00 1,7 5 %
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How do Computers do Gaussian Elimination - LU decomposition

1
l21
l31

, we have L =

u13
U23
Uu33

ui3
la1u1s + uo23

ail aiz ais
Consider a system of 3 equations. For A = | as1 a2 ao3
asyr az2 ass
uil Uiz i3 |
and U = 0 w9o wo3 | such that A = LU. The
0 0 uss
equivalent to the result of applying Gaussian elimination on A
ann a2 a3 | 1 0 0 Uil U12
a1 aze a3 | = |1ln 1 0 0 uo
az1 azy asz | | 131 32 1 0 0
[ un U2
= | laquir  lo1uis + uoe
| I31u1n [31u12 + I32u922

We use this to find the entries in L and U.

Ding Zhao (CMU)
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[31u13 + l32u23 + u33

0
1

l32

— o O

upper triangular matrix U formed is
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Example: LU decomposition for Gaussian Elimination

2 1 1 5

A=|4 -6 o0f:y=|-2

—2 7 2 9

Considering LU decomposition, we have A = LU which gives

U1 U192 U3 2 1 1
loruir  la1uiz + u2e l21u13 + u23 =14 -6 0
l31u11  I31u12 + I32u22  [31u13 + [32U23 + U33 -2 7 2

upp =2 uip =1 uiz =1

loiuir1 =4 =l x2=4 = Iy =2
lboiuis +ugo =—6 =2x14up=-—6 = wuyp=-8

loquig +u3 =0 =2x14+u3=0 = 1usg=—2
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Example cont.

Similarly, we find l3; = —1,l35 = —1,u33 = 1 Therefore, we obtain
1 0 0 2 1 1
L=(2 1 0|, U=]|]0 -8 -2
-1 -1 1 0 0 1
z1
The next step is to solve Lz =y for the vector z = | 29 | = Ux i.e. we consider
23
1 0 0 21 ) 21 =25 z21=25
Lz=| 2 1 0 2 | = 2| =y=> 2214+2=-2 = zp=-12
-1 -1 1 23 9 —21—29+23=9 23 = 2

50 /86
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Example cont.

Now that we have found z we finish the procedure by solving Ux = z for x. That is we solve

2 1 1 T 5 201+ a0+ 23 =25 r1 =1
Ux=|0 -8 -2 To | = | —-12 | =z= —8r9—2x3=-12 = x9=1
0 0 1 I3 2 r3 = 2 r3 — 2

Therefore we have found that the solution to the given system of simultaneous equations is
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Another Way to Check Invertibility Rank

(Z,.%) and (% ,.%) are vector spaces. .« : & — % is a linear transformation.

y = Ax

@ Null space:
N(A)={xe Z|Ax =0}

Nullity of A = dim. 4 (A)

@ Range space (linear combination of columns):
Z(A)={y € #|Ix € 2, such that y = Ax}

Rank of A = dimZ(A)
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Example of Range Space and Null Space

01 0
A=]10 0 2
0 00
o N(A)=
span {[1,0,0]7} = Nullity of A =1
e Z(A) =

span {[1,0,0]7,[0,1,0]7} = Rank of A =2
Note: r(A)=number of pivot elements in Gaussian elimination. Any column without a pivot
is a free variable. Note: A needs to have full rank to be invertable.
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Summary of Ways to Check Invertibility

Given A € R™*"
@ A has full rank; that is, 7(A) =n
@ det(A) #0
@ All columns (or rows) of A are linear independent
@ The null space of A4 (A) = {0}
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Recap: Similarity Transformation

A square matrix can always be decomposed by a similarity transformation, which is a
relationship between two square matrices A and A of the form

A=ST1AS < A =SAS!

for any nonsingular matrix S.
Here A is in either diagonal or Jordan form. In either case,

AF = SAS!SAS!...SAS™! = SAkS!

is much easier to compute. We will see that actually e”? is easier to compute too.
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Diagonalizability (Distinct Eigenvalues)

Let A have distinct eigenvalues \;, 1 <i < n with corresponding eigenvectors {vy...v,}.

AVZ‘ = )\iVi
A1 O 0
0 A 0
A[Vl Vo o o... vn]—[vl vy ... vn] :2
0 0 An

Define the modal matrix M = [vq, va,.

..,Vp]. Because v ...v, are independent, M is
nonsingular. A can be diagonalized as

A0 ... 0
0 X ... 0 ) )
AM=MA=A=M| . . | M~ = MAM™
0 0 ... Ay

Note here M = S~ for conventional reason.
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Examples

Type | (distinct eigenvalues):

3 1 0 1 0 0 1
A=10 2 0|,xi=|0|x2=|1|x3=1|0 | x4=|—1|, compute A2°2°_ Choose e-vectors from x;
0 0 1 0 0 1/2 0
A =3, =2,A3=1,vi =x1,V2 = X4,v3 = X3 M = [X1, X4, X3] Use Gaussian elimination:
1 1 0 1 0 O 1 0 0|1 1 0 1 1 0
A=MI=]0 —1 001 o0]=|010/0 -1 0|=M!'=0 -1 0
0 1/2 0 0 1 0O 0 10 0 2 0o 0 2
3 0 0 1 1 0
A=MAM!= 0 2 0|0 -1 0
0O 0 1{]J0 0 2
1 32020 0 0]t 1 0
A2020 _ NA2020p! — 0 22020 ol o _1 0
O 0 1/2] 0 0 110 0 2
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Characteristic Polynomial with Repeated Roots

We encounted this problem with Cayley Hamilton theorem. Here we need a different solution.
If there are p < n distinct roots,

AA) = (A= A1) (A= A2)"2 - (A= Ap)™?
m; is called the algebraic multiplicity of the eigenvalue \;, with m; +mo+---4+mp, =n. \;
called as an mj;-order root
The dimension of this space is called the geometric mutiplicity of );

q; = #of linearly independent eigenvector of \;
=n —rank(A — \I) <m;
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Examples cont.

Type Il; Matrix of decomposition:

3 1 0 1 0 0 1
0 2 0f,x1=|0|x2=|1|xs=| 0 | x4=|—1{, Choose e-vectors from x;
0 0 2 0 0 1/2 0

n=3p=2. For \y =3,m1 =1,¢1 =1, we have evector vi = x1. For Ay =2, m; = 2, we
have two eigenvectors vo = x3,Vv3 = X4. So g5 = 2.
1 1 0 3 0 0|1 1 0
A=MAM'=1|0 -1 0| |0
0 0 1/2] |0

A =

Similar to Type .
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Examples cont.

2
Type llz (¢ =1) A = [0
0

oo B[

Decomposition: n =3,p=1. For Ay =2,m; =3, A — \I=

OOO|—|

] Choose e-vectors from x;
1
0
0

o NN o

g =n—rank(A—-—\I)=3-2=1
We can only find a single eigenvector v; = x; for the null space of A — \I. g1 =1. A'is

defective. The total number of independent e-vectors is smaller than n and this sadly means
A can not be fully decoupled!!

So we do what we can and try to decompose A as much as possible. = Jordan
Decomposition. The key problem is that we do not have enough eigenvectors for the repeated

Ai. So we need to generate some "fake” but reasonable e-vectors. We call them " generated
e-vectors” .
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Jordan Decomposition (Jordan Canonical Form)

Consider A\; with p=1, m; =n,q = 1. Then m; — ¢; generalized
eigenvectors are required. Let Av; = A\;vy; < The usual e-vector
Avs = A\1vo + vy <Add the v term artificially

Jordan, 1838-1922

AV = MV, + Ving -1
Now we have

A 10 0 0 ]
0 M 1 0 0
0 0 X\ 0 0
Alvi vo vgooevpor vel=[vi Vo vieeeveor vl |
0 0 0 - M\ 1
0 0 0 -0 X

= AM = MJ, we call J a Jordan block.
A=MIM"!
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Examples cont.

2 1 0 1 0 0 1
Typell2 (=1)A=1|0 2 2|,x1=[0|x2=|[1|x3=| 0 | xa= |—1]|, Choose e-vectors from x;
0 0 2 0 0 1/2 0

Let us pick x; = v; and generalized vo from (A — A\ I)ve = vy
010 1
0 0 2 V9 = 0 , Vo = X9
0 00 0
01 0 0
(A—All)V3:V2:> |:0 0 2(vy= |:1 , V3 = X3
0 0 O 0
1 0 0 2 1 0|1 0 O
A=MAM'=10 1 0|0 2 1] 010
0 0 1/2/ {0 0 2] |0 0 2
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Examples cont.

[2 0 0] [
Typells (1< ¢ <m;) A= |0 2 2|,x;=
0 0 2
X;
0 0
p:1,m1:3,)\1:2,A—)\11: 0 0
0 0
generated e-vector. Let vi = X1, Vo = X9
0 0 0
Let (A—)\lI)V?):VQ. 0 0 2|vy=
0 0 0
1 0
M:[Vl,VQ,Vg],A:MAM_lz 0 1
0 0

[=NelS

0 0 1
x2= |1{x3=] 0 | x4 = |—1{, Choose e-vectors from
0 1/2 0
o
2| ,g=n—rank(A — A\I) =2, we need 1
0
. We can not find a vj satisfying (A — A\ I)vs = vy.
o7
1|. Choose v3 = x3,
0—
0 2 2 0|1 00
0 0 2 1110 1 0
/21 10 0 2 (0 0O 2
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Examples cont.

Type ll3 (1 < ¢; < my)

1 0 1
We can also choose vg = | 0 | or | 1 | or | 1 |. It will not change the Jordan form. Let
1/2 1/2 1/2

COLAB LINK to do it quickly.

You can also let vi = X9 and vy = x;. In this case, v3 will be chained with v; and place on
2 10

the right side of it. If M = [va,v3,vo] J = |0 2 0] to reflect the generation of v3 from
0 0 2

V1.

Jordan normal form is sometimes called " Jordan Canonical form™”. But, it is actually not fully

canonical. This is one of the limitations of the Jordan decomposition. We will learn some

canonical decomposition later with controllable and observable canonical forms.
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Jordan Decomposition In General

Let A be an n X n matrix with eigenvalues A1,..., A\, of algebraic multiplicities mq, ..., m,

and geometric multiplicities g1, ...,q,. Then 3 an invertible matrix M such that
J =M"1AM, where

Jbo 0 o0
0 J 0 O .
J= #blocks = p(#distinct e-values)
0 O 0
0 0 0 Jp], ..
Ji 0 0 0
. Ao 10
. 0 Jio 0 0 . ’
Ji= Jj=10 " 1
00 -0 0 0 N
0 0 0 Jgl " TxnT2
#blocks = ¢;( #indep e-vectors assoc. with \;) In general, the dimensions for the 3rd
level Jordan blocks are undetermined, except in type | (dim = 1), Il; (1), or lly (m;).
M1-2: Solving Linear Dynamics
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Another Example of Jordan Decomposition

A is 7 x 7. Distinct A\;, A9, m1 =5,mo=2,q1 =2, =1
What are the possible Jordan blocks?

A1 0 0 0 O

N 0O M 1 0 O

j— [ gl ?[ ] =10 0 AN 1 0

2 0O 0 0 XN 1
3, = [ 32 i ] 000 0 0 A
.2 A 1 0 0 0]

7, - [ Ju 0 ] ) 0 A 0 0 0

0  Ji2 | A Ji=1 0 0 X 1 0

The dimension of Jy1 and J12 can vary 0 0 0 XN 1
based on how we want to build the chain L0 0 0 0 X\ |

of generated e-vectors. It can be either
(1,4) or (2,3)
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Recap: Similarity Decomposition

o Similarity transformations: A =S1AS

e Model matrix M = [vy,va,...,Vy], where v ... v, are independent eigenvectors.
e Typel, p=n,m; = ¢; = 1 (distinct eigenvalues): A = M 1AM, where A is diagonal.
e Typelly, p<n, m;=¢q >0, A=M"LAM (non-defective)
e Typelly, p=1<n, mi =n, ¢ =1 (asingle Jordan block): J = M~—LAM, where
N 1 0
J= 0 “-. 1 |.where vy ise-vector and v;,7 > 1 are generated eigenvectors:
0 0 N
Avi = \ivi,Avo = A\vog+ vy ,AVmi = )\1Vmi + Vim;—1

Type ll3, p <mn, m; > ¢; > 1 (Jordan Decomposition):
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Recap: Jordan Decomposition In General

Let A be an n X n matrix with eigenvalues A1,..., A\, of algebraic multiplicities mq, ..., m,

and geometric multiplicities g1, ...,q,. Then 3 an invertible matrix M such that
J =M"1AM, where

Jo o 0 0
0 Jo 0 O o
J= _ #blocks = p(#distinct e-values)
o 0 . 0
0 0 0 Jp], ..
Ji 0 0 0
. A1 0
. 0 Ji2 0 0 . !
Ji= . Ji=10 " 1
00 0 0 0 N
0 0 0 Jigl, .. Bl
#blocks = ¢;( #indep e-vectors assoc. with \;) In general, we do not know what is the

dimensions for the 3rd level Jordan blocks except in type I, Iy, or lls.
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Matrix Exponential

Theorem: Suppose that A and J are similar matrices. Then, so are e and e”*. In particular,
if A=MJM™!, then et = Me/tM 1.

Proof:A* = MJ*M~!. So plug in

M = Y A = YR MM = MY M = MM

Conclusion:To compute e“?, it is enough to know how to compute e/, for J in Jordan
Canonical form

A 1] 0
J=10 M|0 | = [ ‘{)1 }) ]
0 0[N 2
A1t A1t
Jit e te 0
oIt — [ eO 02t } _| o0 eMt| o
‘ 0 0 |
M1-2: Solving Linear Dynamics
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Exponential of Jordan Form cont.

21 0 0
Given J = 8 (2] ; 8 , find et/
0 0 0 1
Ji 0 et1 0
J:[ol JJieU:[o et‘b}
2 0 0 01 0
Ji=D+ N = ( 0 2 0 + 0 0 1
0 0 2 0 0 0
e 0 0
el = 0 €2 0 |. Need to compute eV
0 0 e
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Exponential of Jordan Form

Apply Cayley-Hamilton theorem:

A=0,f(N)=e

f) =er=1,f(\) =

g(A ) BaA? +51/\+ﬁ0 = Bo,9'(\) =

=9, f'(A\) =

1 ¢
eN = f(N)=g(N)=3t?N? +tN+I=| 0 1
0 0

Finally, because DN = N D, e!/t = /D+N) — ¢lD . otN — [ 0 e

Ding Zhao (CMU)

IN N2
N* =

01 0 010 0 0 1
{001][001][()00],
0 0 0 0 0 0 0 0 0
t>\ — t,f”()\) — t2et)\ — t2
289X+ B1 = B1,9"(N) =252
g, "N =g"(A) = Bo=1,01 =t,p2 = 51

142

= Tt

th t€2t %t2 €2t
tezt
0 0 e
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Exponential of Jordan Form

eMt 0 0 0

Aot Aot
It 0 e te)\ t 0
0 0 en? 0

e’! has terms of the form t™et, with m # 0 for Jordan blocks of order > 1. We will use this
trick again in the stability analysis.
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Modal Decomposition

Using a similarity transformation, we can convert the state equation into diagonal (or Jordan)
form.

Let x = M1’ where M = [vi|va|---|vy,] are the (generated) eigenvectors of A

i = M~'AMz' + M~'Bu
y=CMz' + Du

Here A = M~1AM is in either diagonal or Jordan form. In either case, et is easier to
compute.
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Application

Revisiting the same example ...

I::>F:ma:mp':t2
b Ty =p, x2=p, x = [z1, 227
m . 0 1 0
Q p(g)) p(0) =v(0) =0 x:[o O}X—i_[l/m]F

Which is the state?: y= [ Lo ]X

{p,p,p}, {p,5}. {p,p}, {P}
Solve p(t)
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Application
E-values 0 and 0. Use Jordan form to find et
A=0m=2—-A- A= [8 (1) y,gq=n—rank(A- M) =1<m=J= [8 (1)}

v = B] and generalized vy from (A — A\I)vy = v1 gives vo = E] = M= [é ﬂ

—1
_ ~1 At g gtag—1 1 1] [e% )1 1] (1 ¢
A=MJM " =" =Me’"M —[0 1][0 ol o 1 =1y 1

Calculate y(t) with e t
y(t) = CeAa(te) + O | A7) Bu(r)dr + Dul(t)

to
t t
1 t—7 0 (t—7)/m | »

=|10 /[ }[ ]7’2de 1 0 /[ :|7'd7’

[ ) o L0 1 1/m [ ] o L 1/m

tt_ tt 2 3 4 1 1 4
_ T 20r — L_LdT:(LTi%_L)g:ﬂi_i):L

o m o m o m 3m 4m 3m  4m 12m
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Table of Contents

@ Discretization of Continuous Time Systems
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Discrete-Time Linear Time Invariant Systems

z(2) = Az (1) 4+ Bu (1) = A%z (0) + ABu (0) + Bu (1)

k—1
(k) = AF2 (0) + ) A" ' Bu(m)

m=0

k—1
y (k) = CAFz (0)+ > CA*"™ 1 Bu(m) + Du (k)

m=0
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Discretization of Continuous Time Systems

Forward Difference

This converts & = Ax + Bu into
x(t+T)=a(t)+TAx(t) + TBul(t)

={I+ AT)z(t) + TBu(t)
Evaluating at ¢t = kT
z((k+1)T)=(I+TA)x(kT)+ TBu(kT)
y(kT) = Cx(kT) + Du(kT)
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Zero Order Hold

The control output is kept as a constant within the sampling duration.

u(t)=u(kT)=wu(k) for kKT <t < (k+1)T
z(k) = ez (0) + fOkT eART=") By (1) dr

kT+T
= z(k+1) = AFIT4 (0) + / AANT=T) By (7) dr
0

kT
= AT <eAkT$ (0) + / eART=7) By, (1) d7'>
0

(k+1)T
+ AR+ DT=T) By, (1) dr
kT
Because u(kz) is a constant between kT and (k+ 1)T, let o = (k+ 1)1 — 7,d7 = —do
= a(k+1) = + [ eAda] Bu(k) = eATa(k) + [ [, eA7dr| Bu(k)
M1-2: Solving Linear Dynamics
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Zero Order Hold

T T A2
eATdr = I+ Ar+—72+ .. .dr

A 2 3 T
T2 3
A+§A2+...

2
T2 T3
_ —1
=A {TA+2!A+3!A+...

=TI+

=AM —T)
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Zero Order Hold
x(k+1) = Agz(k) + Bau(k)

y(k) = Cqz(k) + Dgu(k)

T
Ag=eT By = / eAdrB=A"1 (AT ~TI)B=A" (A, -1)B
0

Cy=C,Dy=0D
Python can directly handle this: Take the example of longitudinal driving: COLAB LINK
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Examples

I St 01 —-1] 111 o024
7o 1[0 3o 1) [0 1-35
-1
0 Ja ] 1 - 1 d —b 3 -2
A _L d} _detA[—c a]_ad—bc a o 1| Pa=

1
3
coocnama[F (3 2 - e ns
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Examples

2(h+1) = [1.11 0.24]$(k) {0'01

0 135 + 0.1z]u(k’)
y(k) =2 1a (k) +3u (k)
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Examples

b) solve z(k) for z(0) = [0 0]7,u(k) =3

k-1
z (k) = A%z (0) + Z Afl_m_leu(m),

m=0

o [11] 4+ [ri1oo N L
Ag = MAM ,M_[O J,A_[O 1'35],M _[ ]

P I B 5 O (R R B |
;‘Ad_[o 1“ 0 135 [0 1

[tk 1-35F — 111k
10 1.35%
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Examples

B 1.11’f 1.35% — 1.11%] [o N
- 1.35% 0

il 111’<> el skl — a1k fo.01]
1.35k—m—1 0.12

=0

S)womit {0‘12 x 1.358=m=1 —0.11 x 1.11k—m—1}

0.12 x 1.35k—m-1

??‘

—1
0.12 x 1.35F=m=1 _ .11 x 1.11k—m~1
= y(k) =6 3 [

0.12 x 1.35~—m~1 } 9

0

3
I
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Recap: Solutions to Linear Time Invariant State Equations

¢
z(t) = ez (tg) +/ A7) Bu(r)dr

= Ax + Bu
y=Czx+Du = fo ‘
CT-LTI y(t) = Cett)g(tg) + C | A7) Bu(r)dr + Du(t)

to

Dicretization: || Aq = AT, By= [} eA"drB = A~ (4, — 1) B
k—1

z(k +1) = Agz(k) + Bau(k) (k) = Az (0) + > A" Byu (m)

y(k) = Cx(k) + Du(k) = m ko 1

DT-LTI y (k) = CA )+ Z CAk m— 1Bdu( )+ Du (k)
m=0
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